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Abstract
We present an analytic proof of the integrals for astrophysical thermonu-
clear functions which are derived on the basis of Boltzmann-Gibbs statistical
mechanics. Among the four different cases of astrophysical thermonuclear
functions, those with a depleted high-energy tail and a cut-off at high ener-
gies find a natural interpretation in q-statistics.
1 Introduction
One of the first applications of Gamow’s theory of quantum mechanical po-
tential barrier penetration to other than his analysis of alpha radioactivity
was in the field of thermonuclear astrophysics [1,2]. Atkinson and Houter-
mans proposed that the source of energy released by stars lay in thermonu-
clear reactions taking place near their centres where the motion of nuclei was
supposed to be in thermal equilibrium. The state of hot stellar plasmas is
such that only the lightest chemical elements could contribute because of the
Coulomb repulsion between nuclei. In effect, the rate of energy production is
goverend by the average of the Gamow penetration factor over the Maxwell-
Boltzmann velocity distribution [3]. The thermonuclear reaction rate is the
coefficient in the rate equation that is used to describe the change of chem-
ical composition of hot plasmas. Similarly fundamental, the inverse of this
coefficient is the characteristic time scale for the respective thermonuclear
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reaction. Nuclear and neutrino astrophysics are vibrant fields with many
experiments collecting data continuing exploring energy production in stars,
particularly the Sun, deduced from neutrino measurments [4].
Commonly, hot stellar fusion plasmas are described in terms of Boltzmann-
Gibbs statistical mechanics based on the entropy SBG = −k
∑W
i=1 pilnpi.
Thermodynamical and ststistical description of nonextensive systems may
require a generalization of Boltzmann-Gibbs thermostatistics. Examples of
physical systems or processes where Boltzmann-Gibbs approach seems to be
inadequate are large self-gravitating systems and hot and turbulent plasmas.
An ultimate generalization of Boltzmann-Gibbs thermostatistics is due
to Tsallis [5] based on the following expression for entropy
Sq =
1−
∑W
i=1 p
q
i
q − 1
, q ∈ R, S1 = SBG,
W∑
i=1
pi = 1, (1)
with the following expression for equal probabilities
Sq(pi = 1/W, ∀i) = k
W 1−q − 1
1− q
≡ klnqW, (2)
S1(pi = 1/W, ∀i) = klnW = SBG.
The optimization of the entropic form (1) under the restriction
< H >q≡
∑W
i=1 p
q
iEi∑W
j=1 p
q
j
= Uq, (3)
where < . . . >1=< . . . > p
q
i/
∑W
j=1 p
q
j is the escort distribution, {Ei} are the
eigenvalues of the Hamiltonian H with appropriate boundary conditions, and
the internal energy U is a finite fixed value, yields
pi =
e−βq(Ei−Uq)q
Z¯q
, (4)
with
Z¯q ≡
W∑
j=1
e−βq(Ej−Uq)q , βq ≡
β∑W
j=1 p
q
j
,
β = 1/kT . Tsallis [5] verifies that q = 1 recovers Boltzmann-Gibbs weight,
q > 1 implies a power-law tail at high values of Ei, and q < 1 implies a
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cut-off at high values of Ei. Subsequently, this behavior is reflected in the
equilibrium distribution of energies. In the following, a method for obtain-
ing closed-form representations of thermonuclear reaction rates (astrophys-
ical thermonuclear functions) is developed, taking into account the above
described behavior of q-statistics, these are the cases q > 1 (dubbed “de-
pleted”) and q < 1 (dubbed “cut-off”) for the energy distribution. Thus,
q-statistics provides a natural physical interpretation for hot plasmas where
deviations from the Maxwell-Boltzmann distribution are expected.
2 Definition of astrophysical thermonuclear
functions Id(ν − 1, a, z, ρ)
By employing a statistical technique, Haubold and Mathai [6] have estab-
lished the following integral formula for the derivation of closed-form repre-
sentations for four astrophysical thermonuclear functions:
∫ d
0
yν−1 exp[−ay − zy−ρ]dy
def
= Id(ν − 1, a, z, ρ) (5)
=
dν
ρ
∞∑
r=0
(−ad)r
(r)!
H2,01,2
[
z1/ρ
d
|
(ν+r+1,1)
(0,1/ρ)(ν+r,1)
]
(ρ 6= 0), for d <∞;
=
a−ν
ρ
H2,00,2
[
az1/ρ|(0,1/ρ),(ν,1)
]
(ρ 6= 0), for d =∞,
where Re(ν) > 0, Re(a) > 0, Re(z) > 0, Re(ρ) > 0. It has been shown
that by the application of the Mellin-Barnes integral rerpresentation of the
exponential function, the given integral can be transformed into a Mellin-
Barnes type integral representing an H-function [7]. We also deduce the
value of this integral when ρ < 0. Results for all the four astrophysical
thermonuclear functions are also obtained. The integral I3(z, t, ν) [8, see
also 2,9] is evaluated in a generalized form. For the sake of simplicity and
continuation we adopt the same notations as used in [6, see also 2,9]. In order
to prove the integral (5), we employ the following Mellin-Barnes integral
representation for the exponential function, namely [10,11]
exp[−x] =
1
2piω
∫
L
Γ(s)x−sds, |x| <∞. (6)
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where L is a suitable contour (ω = (−1)
1
2 ), interchange the order of inte-
gration, the given integral, denoted by Id(ν − 1, a, z, ρ)), transforms into the
form
Id(ν − 1, a, z, ρ) =
1
2piω
∫
L
Γ(s)z−s
∫ d
0
yν+ρs−1exp(−ay)dyds (7)
We know that
∫ d
0
exp(−ay) yν−1dy (8)
= dν
∞∑
r=0
(−ad)rΓ(ν + r)
Γ(ν + r + 1)(r)!
for d <∞, Re(ν) > 0
= Γ(ν)/aν , for d =∞ Re(a) > 0, Re(ν) > 0.
By virtue of the above values of the y-integral for d <∞ and for d = ∞, it
is found that
Id(ν − 1, a, z, ρ) =
dν
ρ
∞∑
r=0
(−ad)r
(r)!
∫
L
Γ(s/ρ)Γ(ν + s+ r)z−s/ρ
Γ(ν + s+ r + 1)
ds,(9)
(ρ 6= 0) for d <∞
=
a−ν
2piωρ
∫
L
Γ(
s
ρ
)Γ(ν + s)a−sz−s/ρds,
(ρ 6= 0) for d =∞
The integral formula (5) now readily follows from the equations (9), if
we interpret the above contour integrals in terms of the H-function, which is
defined by means of a Mellin-Barnes type integral in the following manner
[7, p.2].
Hm,np,q (z) = H
m,n
p,q
[
z
∣∣∣(ap,Ap)(bq ,Bq)
]
(10)
= Hm,np,q
[
z
∣∣∣(a1,A1)...(ap,Ap)(b1,B1)...(bq ,Bq)
]
=
1
2piω
∫
L
Θ(ξ)z−ξdξ
where
Θ(ξ) =
[
Πmj=1Γ(bj +Bjξ)
] [
Πnj=1Γ(1− aj − Ajξ)
]
[
Πqj=m+1Γ(1− bj − Bjξ)
] [
Πρj=n+1Γ(aj + Ajξ)
] (11)
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an empty product is interpreted as unity ; m,n, p, q ∈ N0with 0 ≤ n ≤
p, 1 ≤ m ≤ q,
Ai, Bj ∈ R+, ai, bj ∈ R or C(i = 1, . . . , p; j = 1, . . . , q), such that
Ai(bj + k) 6= Bj(ai − l − 1)(k, l ∈ N − 0; i = 1, . . . , n; j = 1, . . . , m). (12)
We employ the usual notations: N0 = (0, 1, 2 . . .); R = (−∞,∞), R+ =
(0,∞) and C being the complex number field. L is one of the contours de-
scribed in the monograph by Mathai [11]. In case we make the transformation
ρ = −η with η > 0 in (9), then the following result holds.
Id(ν − 1, a, z,−η) = −
dν
η
∞∑
r=0
(ad)r
(r)!
H1,11,2
[
z1/η
∣∣∣(1−ν−r,1)(0,1/η),(−ν−r,1)
]
(13)
η 6= 0, for z <∞;
= −
a−ν
η
H1,11,1
[
z1/η
a
∣∣∣(1−ν,1)(0,1/η)
]
η 6= 0, for z =∞, (14)
where Re(ν) > 0, Re(a) > 0, η > 0, Re(z) > 0. When ρ is real and rational
then the H-functions appearing in (5), (13) and (14) can be reduced to G-
functions by the application of the well-known multiplication formula for
gamma functions [12]:
Γ(mz) = (2pi)
1−m
2 mmz−
1
2Γ(z)Γ(z +
1
m
) . . .Γ(z +
m− 1
m
), m = 1, 2, . . . (15)
3 The astrophysical thermonuclear functions
I1(z, ν) and I2(z, d, ν)
As an application of the results (5), (13), and (14) we deduce the values of the
following two thermonuclear functions I1 [8] and I2 [”cut-off”, 8,13,14,17], in
terms of which the astrophysical thermonuclear functions are expressed [8,
see also 2,9]:
I1(z, ν)
def
=
∫
∞
0
yν−1exp[−y −
z
y1/2
]dy (16)
= pi−1/2G3,00,3
[
z2
4
∣∣∣∣0, 12 , ν
]
,
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where Re(z) > 0, Re(ν) ≥ 0 and G3,00,3(.)is the Meijer’s G-function [10].
I2(z, d, ν)
def
=
∫ d
0
yν−1exp[−y − zy−1/2]dy
=
dν
pi1/2
∞∑
r=0
(−d)r
(r)!
G3,01,3
[
z2
4d
∣∣∣(ν+r+1)(ν+r),0,1/2
]
; (17)
where d > 0, Re(z) > 0, Re(ν) ≥ 1.
4 The astrophysical thermonuclear functions
I3(z, t, ν, µ) and I4(z, δ, b, ν)
We now show that [8]
I3(z, t, ν, µ)
def
=
∫
∞
0
yν−1exp[−
{
y + z(y + t)−µ
}
]dy (18)
= tν
∞∑
r=0
Γ(ν + r)
(r)!
trH2,12,3
[
zt−µ
∣∣∣(1+ν,µ),(ν+r+1,µ)(0,1),(1+ν,µ),(1,µ)
]
+
∞∑
r=0
tr
(r)!
H2,22,4
[
z
∣∣∣(1−r,µ),(ν,µ)(0,1),(ν,µ),(1,µ)(ν−r,µ)
]
,
where Re(ν) > 0, Re(z) > 0and µ > 0. To prove (18) we observe that in
view of the formula (6), the value of the integral is equal to
1
2piω
∫
L
Γ(s)z−s
∫
∞
0
yν−1[exp(−y)](y + t)sµdyds (19)
Evaluating the y-integral in terms of the Whittaker function, defined in [12,
p.255] and [12, p.257]:
Ψ(a, c; z) =
1
Γ(a)
∫
∞
0
xa−1e−zx(1 + x)c−a−1dx,Re(a) > 0, Re(z) > 0. (20)
=
Γ(1− c)
Γ(a− c+ 1)
Φ(a, c, z) +
Γ(c− 1)
Γ(a)
z1−cΦ(a− c+ 1, 2− c; z)
=
Γ(1− c)
Γ(a− c+ 1)
∞∑
r=0
(a)rz
r
(c)r(r)!
+
Γ(c− 1)
Γ(a)
z1−c
∞∑
r=0
(a− c+ 1)rz
r
(2− c)r(r)!
,
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where c is not an integer and Φ(a, c; z) is Kummer’s confluent hypergeometric
function [12,p.248], the integral (19) reduces to an elegant formula
Γ(ν)tν
2piω
∫
L
Γ(s)Ψ(ν, ν + sµ+ 1; t)z−stsµds. (21)
The integral (21) can be evaluated by expressing the Whittaker function
appearing in its integrand in terms of its equivalent series given by (20)
above, and reversing the order of integration and summation. Thus the
given integral finally transforms into the form:
I3 (z, t, ν, µ) = t
ν
∞∑
r=0
Γ(ν + r)
(r)!
tr
2piω
∫
L
Γ(s)Γ(−ν − sµ)Γ(ν + sµ+ 1)
Γ(−sµ)Γ(ν + r + sµ+ 1)
z−stsµds
+
∞∑
r=0
tr
(r)!
1
2piω
∫
L
Γ(s)Γ(ν + sµ)Γ(r − sµ)Γ(1− ν − sµ)
Γ(−sµ)Γ(1 + r − ν − sµ)
z−sds, (22)
which on interpreting with the help of the definition of the H-function (10)
establishes the desired result (18). If we set µ = 1/2 in (18), then by an
appeal to the duplication formula for the gamma function (this is equation
(15) form = 2), the H-functions reduce to G-functions [10] and consequently,
we obtain
I3(z, t, ν)
def
=
tν
pi1/2
∞∑
r=0
Γ(ν + r)
(r)!
trG3,12,4
[
z2
4t
∣∣∣(1+ν),(ν+r+1)0,1/2,(1+ν),1
]
(23)
+
1
pi1/2
∞∑
r=0
tr
(r)!
G3,22,5
[
z2
4
∣∣∣(1−r),ν0,1/2,ν,1,(ν−r)
]
,
where Re(ν) > 0, Re(z) > 0. Next we will prove the formula [”depleted”,8,15,16,17]
I4(z, δ, b, ν)
def
=
∫
∞
0
yν−1exp[−
{
y + byδ + zy
1
2
}
]dy (24)
=
∞∑
r=0
(−b/z)r
(r)!
H2,00,2
[
z
∣∣∣(r,1),(ν+rδ+r/2,1/2) ]
(25)
where Re(ν) > 0, Re(z) > 0, Re(b) > 0 and δ > 0. To establish the integral
formula (25), we see that in view of (6), it can be written as
I4(z, δ, b, ν) =
∫
∞
0
yν−1exp(−y)
1
2piω
∫
L
Γ(s)ys/2(byδ+1/2 + z)−sdsdy (26)
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On employing the formula
(1 + x)−α =
∞∑
r=o
(α)r
(r)!
(−x)r, |x| < 1, (27)
and reversing the order of integration and summation, the equation (26)
transforms into the form
I4 (z, δ, b, ν) =
∞∑
r=0
(−b/z)r
(r)!
1
2piω
∫
L
Γ(s+ r)z−s
∫
∞
0
yν+(δ+
1
2
)r+ s
2
−1e−ydyds
=
∞∑
r=0
(−b/z)r
(r)!
1
2piω
∫
L
Γ(s+ r)Γ[ν + (δ +
1
2
)r +
s
2
]z−sds,
which, when interpreted with the help of (10), yields the desired result (25).
It may be noted that the result (25) can be expressed in terms of the G-
function in the form :
I4(z, δ, b, ν) =
1
pi1/2
∞∑
r=0
(−2b/z)r
(r)!
G3,00,3
[
z2
4
∣∣∣ r
2
, r+1
2
,(ν+rδ+ r
2
)
]
, (28)
where Re(ν) > 0, Re(b) > 0, Re(z) > 0 and δ > 0. Further it is interesting
to observe that, as b tends to zero, (28) reduces to (16).
5 Relation of astrophysical thermonuclear func-
tions to Kraetzel functions
It is not out of place to mention that the function represented by the integral
(5) in case z = ∞ has been studied by Kraetzel and is known as Kratzel
function in the literature. It may be noted that Kraetzel [18] introduced the
integral transform
(Kρνf)(x) =
∫
∞
0
Zνρ (xt)f(t)dt (x > 0), (29)
involving the kernel function
Zνρ (x) =
∫
∞
0
tν−1exp[−tρ −
x
t
]dt (ρ > 0, ν ∈ C). (30)
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Further he has also investigated the asymptotic behavior of Zνρ (x) as x→ 0
and x→∞ in [18].
Finally it may be mentioned here that the integral described here for
z = ∞ plays not only an important role in the study of astrophysical ther-
monuclear functions but also for Bessel-type fractional ordinary and partial
differential equations [19].
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